£ N =T  then
A is Inverkble
i A7 Fhe Ve of A

B A ‘}MJJ&H&H



3.3 The Inverse of a Matrix

Definition: If A = {CCL Z} then the determinant of A is det A = ad — be. (ff (lg"\ ) #’)

Fact: If Ais a2 x 2 matrix then:

d —b .
. T {—c a } , if detA#0
undefined, if detA=0

Example: Find A~

a=[; 3]

deFf=2-(-2%)=20
A ( 2 L7L
A™ = ;[ﬁ r]
b)A:{:s —62]

O}){JF h= I -1% =0
ATt does et x5 T

( Ao nok iv\dé/“&)e,>
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3.3 The Inverse of a Matrix

Fact: If A~! exists then the system of equations A% = b has a unique solution: ¥ = A~

Example: Let’s explore why the above fact is true. s

S\/Sl@v\ mL Q&lma‘)r\‘w\i P BJL_: JOP
L% o-starts
A"A‘; = f" b
'
AT
Example: Use A~! to solve:

4o — dy
—5x + 6y

—6
7

-—>

5\/&[6«\ ot €1m Jﬂmg ){LL{L;?
A=+ ¢
oﬁeff fr=-

., 6 s
AL PR

e

= 4
=

T
ol



3.3 The Inverse of a Matrix

Fact: To find A™! for an n x n matrix we form the augmented matrix [A|I]. We perform
row operations to produce I on the left side. The resulting matrix on the right side will be

AL

[N R ]
N DN Ot

DN DN
| E— |

Example: Find A~! for A = [

LA LT
2 s | (to ©
[\7,?_\0‘0
2 2 O 0 |
qu—\QL \'' - » (o t o
72 S | {OOW
7 L L O o |
| 2 2 O | o
R, -2R, O ( —3 [ -2 O
@BJ‘LK\ O -2 —2 0 -2 |
_ [ 0 ¥ |-2S ©
K, -2~ [O -
O O - |2 -6 |
[ O Y |-2 5 O
O |1 -3 ( -2 ©
K o o | |x & -
—¥ 2 % %
R\ - %y Lo o0 —I |
2 -3
R+ 3Ky o olg 3572
O o | |-z ¢ -t
g & €
(/\/‘) W‘)
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D) o LA

v ﬂd o @) 3.3 The Inverse of a Matrix

Comment: By transforming A into [ we are “undoing” A. The matrix on the right side
will be the matrix that “undoes” A, that is A~

R, - R, 1
O O O

& - fons o 2tros on Yhe left
715 Cé&m/\o)r M”\\OL L
S 7 does Aot exiST

Fact: Suppose a zero row appears on the left side while reducing [A|I]. Then A~! does not
exist.
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3.3 The Inverse of a Matrix

We'll look at three properties of A7
Property 1: If A™! exists then (A71)7! = A.

Property 2: (A7)~ = (A™1)T for any matrix A.

Example: Verify Property 2 for A = [1 2]
G A R B
- [1 ?X VT &
Df -2 Yoz _ 73
(Py ) < \ = =30 ) T -2

Property 3: For any matrices Ay, As, ..., A, with compatible sizes:
(A1Ag - At = At AT AT

Comment: In particular this means that (AB)™! = B~1A~L
Comment: Let Operation A represent putting on your socks. Let Operation B represent
putting on your shoes. To reverse this sequence we have to undo the operations and reverse

the order of operations. We could express this in matrix terms as (AB)™! = B~'A™!.

Comment: Consider Property 3 with all n matrices equal to A. The statement becomes
(A")~1 = (A7H)™. This means we can write A~" without confusion.
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