5.3 The Gram-Schmidt Procedure

Definition: Let A be a matrix with linearly independent columns.
The QR Factorization of A is:
A = QR where () is an orthogonal matrix and R is upper triangular.
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Example: Let A = QR for an orthogonal matrix Q. Show that R = QT A.

A= QR
Lelt-mullpy by @ Q' = @ g

Fact: Let A = @R for an orthogonal matrix ().
To find Q: Apply Gram-Schmidt to the columns of A, and normalize.
Then R = QT A.
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5.3 The Gram-Schmidt Procedure
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5.3 The Gram-Schmidt Procedure

Example Continued...
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5.3 The Gram-Schmidt Procedure

Example: Approximating the eigenvalues of A. This example will not be tested.

Consider the following procedure:

Find A = Qo Ry.

Let A1 = RyQq then find A; = Q1 R;.

Let A2 = RIQI then find A2 = QQRQ etc.

Each matrix A; has the same eigenvalues as A.
As k — 0o, Ag becomes upper triangular.

Suppose we start with matrix A and produce A4 = ng igﬂ :

a) Does A4 have the same eigenvalues as A?

Tes

b) Is A, approximately upper triangular?

H.03 =0 \(/ef

c) Estimate the eigenvalues of A.

A = /,@(%’> >0/
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5.4 Orthogonal Diagonalization

5.4 Orthogonal Diagonalization
Recall that if ) is orthogonal then Q=1 = Q7.

Definition: An n x n matrix A is orthogonally diagonalizable if there exist an
orthogonal matrix @) and a diagonal matrix D so that QT AQ = D.
[ C.

rpare with Seckhon 44 f”AP:D}

Fact: Let A be an n x n matrix. The matrix A is orthogonally diagonalizable if and only
if A is symmetric.

Example: Is A orthogonally diagonalizable?

a) A= {—12 _52]

AT?;Qr L

fes
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5.4 Orthogonal Diagonalization

5 1 1

Example: The matrix A= |1 5 1| has eigenvalues A\ =4 and A = 7.
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Find @ that orthogonally diagonalizes A.

6\): ﬁf\ﬁt an 0/4'%(3/#_\_0_[_@_4_\1 basis \Ca/

ch\f\ {)(6@\5\{)&(& ,

-2 | ) O

T

| \' _Y3) ©
3

%, A~ L
M[\ o~t)o
O | — | O—}
©o o lol pptF

191



5.4 Orthogonal Diagonalization

Example Continued... o | J L 13
Ll 1 o
A~ I S 0 O \ O }
R IO

D(\Jf)(\,“r?(glo = ;= —-T
N A
)
HMM”SC\/NMQCQ‘(‘ )
) Parkal Basic X = [;]?
Jy = [HCI)\E — Eml)x[—%}
- S
3) =[]
2 278

- {7‘11 O(H\oﬂ al Bans = {(“\H B}j

(1

B £y )
O(-H\or\o/mml R AN, gt{ = [‘\%’:!;]J) ﬁ[i]i
/s A W - ‘
Q?‘ g\/\(}' ey Ut l‘g Cthké o o
5o A R B {% ty

192



