1.2 Length and Angle

1.2 Length and Angle
Example: Let @ =[1,4,2,—9] and ¢ = [2,3, —2, —1]. Calculate the dot product @ - ¢

Example: Calculate:

a) [1,5]-[2,-3]
= () + 5(-3)
- —3

b) [1,5] - [2, -3, 0]

uneleds A{A

¢) [ur, ug] - [ur, us]

= Uﬁ + ull

Fact: Three Properties of the Dot Product
Let @, v be in R™. Then:

HNa-a>0
Qu-v=0v-4
D 3)w-u=0if and only if =0
Example: Break Property 3 into two statements, and decide which is more obvious.
=D - —_
+ Tu=0o Hhen U =o0. (LESS O%\hov@
AND

tT-3 Hven U= O ( MoK Ot%\ﬂomﬁ)

13



1.2 Length and Angle

Example: Simplify:
a) (U+7)- (d+7)

S .
T | o > - D _ D M\)\_ fS
= k-t v+ U+ U0 nonfense
b) 30 - (=2 + 5)
= —Cu-V + 5% W

Definition: The length of #'is written ||&]|. If & = [v1, v, ..., v,] then ||T]| = \/v? +v3 + ... + v2.

Example: Draw a picture to show that in 2D this is the Pythagorean Theorem.

Example: Calculate:

a) ||[1,1,1, =2]f
=J 14+
-
b) {13, =1l
={qact
= o
c) [3,—1]-[3,—1]
= 9+ |
= o
Fact: @@= ||#]|? for all &
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1.2 Length and Angle

Example: Let ¢ = [v1,vq, v3]. Simplify || — 37]|.

_ 1 o, 30,36) 70
= W+ T+ 1% A
TR

- ( T 3 - Le/\ JrL\ oWL r@a{ \/QC)L/
_ 36[ W ﬂ 3 (Jen jrk of LJM;U%L/)

Fact: ||ct]| = |c| ||7]| for all vectors ¢ and real numbers c.

Definition: A unit vector is a vector that has length one. Normalizing a vector ¢ means
finding a unit vector in the same direction as 7.

Fact: The followmg vector has length one and the same direction as

(prov1ded that 7 # 0):
U= Wv —

B U
W
Example: Normalize v = [4, -2, 1]

1wl = {lery+
- (2

we = 4,21

lhas \{/\3‘\’%\ 6~ d @O‘{”\T
in the Same direchon & v
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1.2 Length and Angle

—

Definition: The distance between @ and b is written d(@, b). It is calculated by
d(@,b) = ||@ b

Example: Draw a picture to illustrate the above formula.

7 “/1.
VAL \

S
Ch

Example: Find the distance between @ = [2, —1] and b = [3, —6]
a-b=[-1, 5
FEIE ﬁ’é -
d(27) = he

|

Fact: The Triangle Inequality
For all @, v in R™: ||d+ ¥]| < ||@]|| + ||V]|

vl euld @ﬂm\ 151+ 115
{F ‘U‘: @ACL \ Fmr\Jr In \H\e Sa e C!t'f\@cnk'o/}-

Sl

W
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1.2 Length and Angle

Fact: Let @ and ¥ be in R". The angle 6 between @ and ¢ is defined to be 0° < # < 180°

Fact: For all @,vin R": @ -0 = ||ul| ||V]| cosb

Comment: In R* and higher dimensions, this is a definition of 6.

Comment: In the special case where @ and v are unit vectors, « - v gives the value of cos 6.
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